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The kth Radius of Gyration of A,;, Aas—ByC. Type Polymerization*
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By means of polymer chemical kinetics and statistics, the combinatorial coefficient of the Aa1, Aa2a—BuCe
type distribution is factorized to approach the explicit expression of the mean square radius of gyration. Fur-
thermore, a recursion formula for the evaluation of the kth radius of gyration is obtained.

It is known that the radius of gyration for the A, type
polymerization has been investigated by Gordon.? In
this paper, the kth radius of gyration for the A,;, Aa2—
By C. type polymerization due to Miller and Macosko?
is discussed by means of an alternative way involving
the factorization of the combinatorial coefficient of the
number distribution. By taking advantage of a differen-
tial technique, a recursion formula which holds true for
both pre-gel and post-gel is obtained for the evaluation
of the kth radius of gyration.

1. The A,;, Ay2—B,C. Type Distribution and
Mean Square Radius of Gyration

In order to study the mean square radius of gyra-
tion, we shall discuss first the combinatorial coefficient
of the number distribution for the A,;, A.2—BypC. type
polymerization due to Miller and Macosko.? Let us
consider a system of polymerization having three kind
of monomers A,;, Aao, and By,C., where A,; has a;-
functionality, A,2 has as-functionality, and B,C, has
two different kind of functionalities with respect to b
and c¢. The symbol A,;, Ass—BpC. means that the
monomer A,; (A,2) may react with the species By, or
C. in monomer B, C,, but A,; does not react with A,
and the species B}, does not react with the species C,.

By means of polymer statistics, the A1, Aa2—-BpCe
type distribution Pp, n,i(k1, k2) can be obtained by writ-
ing
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where Py, n,i(k1, k2) represents the number of the (n;+
na+1)-mer consisting of n; numbers of A,;, np numbers
of A,o, and [ numbers of B,C¢, and N,1, Naz, and Ny
are used to denote the total number of monomers A,;,
A,2, and B, C,, respectively. Note that k; is the number
of chemical bounding formed from A,; and species By,
or A, and species By, and k, is the number of chemical
bounding formed from A,; and C. or A,2 and species
C.. It is obvious that ki +ky=n;+n2+1—1. In the
expression of Eq. 1, P,, Py, and P, are the extent of re-
actions for A, B, and C groups, respectively. Cp, n,i1(k1,
k) in Eq. 1 is referred to as the combinatorial coefhi-
cient of the distribution Py, ,i(k1, k2). Furthermore,
by means of chemical kinetics and statistics,® the com-
binatorial coefficient Cp, n,i(k1, k2) in Eq. 7 can be fac-
torized into a summation form. For brevity, we only
give the result without proof that
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It is not difficult to find that Eq. 8 can be rewritten as

1 L ’
_— Ny (ni,ne,l, k1, ke, 21,12, j,v,v
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Since the term n;+mn2+1—1 on the right hand side
in Eq. 11 is the number of bonds in the (n; +ng+1)-
mer, the term 3,/ [Np(-- )+ Ne(--)]/ Cninpi(kr, k2) on
the left hand side of Eq. 11 should have the meaning of
number of bonds associated with an imagined split of
(n1+mn2+1)-mer. From the expressions of Ny(---) and
N¢(--) in Egs. 9 and 10, it is not difficult to find that the
term ¥,/ [No(-++)+ Ne(+++)]/ Cryngi(k1,k2) is the number
of bonds in (n; +n2+1)-mer whose splitting produces
two moieties of (i;+i2+7) and (n3 —4 )+(np—i2)+(1—7)
units, respectively.

The square radius of gyration for A,;, Aa2-BypC. type
is defined as '

2 ni+na+l mk’l‘;%
ki, ko) = 12
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where 7y is the distance of the kth mass point from the
center of gravity of the molecule, and my which depends
on the running index k=1,2,---, ny+ne+1! is equal to
Ma1, Ma2, OF Mpe Which are the molecular weight of
monomers A,1, Aaz, and B, C,, respectively. A simple
argument leads to the transformation, due to Zimm and
Stockmayer®

Rf.1+n2+z(k1, k2) =
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where 7;; is the distance in space from the ith to the jth
mass point. With no intramolecular reactions occur-
ring in finite species, the mean square radius of gyra-
tion (R2 . ,(k1,kz)), which averages the fluctuations
in time of R;, ot rat 1(k1,k2) due to Brownian motion, can
be evaluated by means of Gordon’s method to give
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where the index A in the summation is used to denote
the hth bond in the (ny+mnp+1)-mer, and by is the av-
erage bond length. In Eq. 14, Zi=1nkhmak+lhmbc and
>2_, (ng, — ngr) Mak + (1= l)mpc are the weights asso-
ciated with the two moieties (np+ nop+ Iy )-mer and
[(n1—n1n)+(n2—n2p)+(I—1)]-mer produced by cutting
the hth bond of the (n; + np+{)-mer.

Considering the meaning of 3,/ [Np(-+-) + Nc(---)]/
Chynyi(k1,k2) in the relation given by Eq. 11, we can
obtain the transformation of Eq. 14
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2. Recursion Formula of the kth Radius of Gy-
ration and the Calculation of the Mean Square
Radius of Gyration

By using the Aa;, Aa—BpCc type distribution
Pp, npi(k1,k2) in Eq. 1, the kth radius of gyration is de-
fined as

2 2 ,
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ninglkiky \k=1
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Since the mean square radius of gyration (R2 | ., (ki,
k2)) in Eq. 15 is independent of the quantities P,, Py,
P, 11, 1, v, and 1, we can choose Py, P., 1;, and
7. as variables to differentiate both right and left hand
sides of Eq. 16 to give
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It is obvious that when the kth radius of gyration (R?),
is given, the (k+1)th radius of gyration (R?), , can be
calculated by using the formula in Eq. 17. This formula
holds true for both pre-gel and post-gel.

From the definition of the kth radius of gyration in
Eq. 16, we have
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Substituting the mean square radius of gyration
(R2_ ., +1(k1,k2)) given by Eq. 15 and the number dis-
tribution Py, n,1(k1,k2) given by Eq. 1 in Eq. 27 yields
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Furthermore, M;, Ty, T2, Vi, 51, and S» can be eval-
uated by the differentiation method proposed by some
of the present authors® to give the second radius of
gyration (R?), explicitly as follows
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The parameters N, 7, 7., 2}, @', o/, and ' in
Eqs. 38, 39, and 40 are defined as
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where N,;(i=1,2) and N are the total number of
monomers of A,;(¢=1,2) and B,C. in sol, respectively,
and P,, P_, and P, are the extent of reactions of A, B,
and C groups in sol, respectively.

By choosing (R?), as starting point for successive re-
cursions, we obtain, by using the recursion formula in
Eq. 16, the kth radius of gyration (R2), with k>2 as
follows

for pre-gel

for post-gel (48)

Qk/D2k—21

where Wj and @ satisfy the same recursion formula
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